Introduction
Let R be a commutative noetherian local ring R with maximal ideal m and residue eld k = R=m. The size of a minimal free resolution of a nite R{module M is given by its Betti numbers R n (M) = rank k Ext R (M; k). Dually, that of a minimal injective resolution is measured by the Bass numbers n R (M) = rank k Ext R (k; M).
These sizes may be estimated asymptotically on a natural, a polynomial, and an exponential scale. The rst yields the classical homological dimensions. The second produces known notions of complexity, which distinguish between modules of in nite homological dimensions. The third leads to new concepts of homological curvatures, which discriminate among modules with in nite complexities.
It is well known that k has maximal homological dimensions among all nite R{modules. An elementary computation shows that its complexities and curvatures are maximal as well. By analyzing the representations on Ext R (M; k) and Ext R (k; M) of the homotopy Lie algebra of the local ring R, we show that modules with extremal homological invariants occur with unexpected frequency.
Asymptotic invariants
The projective complexity proj cx R M is equal to d if d ? 1 is the smallest degree of a polynomial p(t) such that R n (M) p(n) for all n; if no such d exists one sets proj cx R M = 
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The names of the last two numbers re ect the fact that they are reciprocal values of the radii of convergence of the Poincar e series P R M (t) = P n R n (M)t n and of the Bass series I M R (t) = P n n R (M)t n , respectively. For background and further terminology from commutative algebra we refer to the beautiful exposition of Matsumura 13] . Remarks. We list some relations among the various invariants, letting the pre x`hom' stand for either`proj' or`inj'. We use 4 and < to denote coe cientwise inequalities of formal power series. Lemma 1. For each R{module M there exists an integer` 1 such that
The rst inequality is proved in 9; Lemma, p. 290]. Before giving a di erent (and elementary) proof at the end of the section, we note an immediate consequence. Proposition 2. If R is a local ring with residue eld k, then
when M ranges over all nite R{modules. The rst row is classical, and its middle equality de nes the global dimension gl dim R. Accordingly, we use the second row to de ne the global complexity gl cx R of R, and the third row to introduce its global curvature gl curv R.
By the Auslander-Buchsbaum-Serre theorem, gl dimR = d < 1 precisely when R is regular of dimension d. To formulate similar statements for the asymptotic global invariants, we recall some earlier results. By Tate 18; Theorem 6], if R is a complete intersection, then P R k (t) = (1 + t) e =(1 ? t 2 ) c , where e = edim R and c = edim R ? dim R is the codimension of R. On the other hand, if cx R k < 1, then R is a complete intersection by Gulliksen 8; (2.3)]. The same conclusion is derived in 3; (6.2)] from the much weaker condition curv R k 1. In the language introduced here, these results may be restated as:
Theorem 3. The following conditions on a local ring R are equivalent.
(i) R is a complete intersection (respectively, of codimension c).
(ii) gl cx R is nite (respectively, and equal to c).
(iii) gl curv R is at most 1. Proof of Lemma 1. The proof is by induction on the Krull dimension dim M. When dim M = 0 a secondary induction on the length of M, using the cohomology exact sequence associated with a proper submodule, yields P R M (t) 4 (length R M) P R k (t). ? ! N ? ! P ? ! 0 for some x 2 m. The rst homomorphism induces the zero map in cohomology, so P R N (t) 4 P R P (t). Since dim P < dim N = dim M, the induction hypothesis applies to P, and we are done.
A parallel argument deals with I R M (t). Finally, note that P R k (t) = I R k (t).
Extremal submodules
The main result of this section implies that each non-zero R{module may be obtained as an extension of a module of maximal complexity and curvature by a second module with the same characteristics. In particular, the Grothendieck group of nite R{modules is generated by modules with extremal behavior. Remark. The corollary implies that if L = mM 6 = 0 and proj dim R L or inj dim R L is nite, then R is regular: the rst result is due to Levin 10] , cf. also 11; (1.1)]; the second is a new characterization of regularity. In conjunction with Theorem 3, the corollary also produces several criteria for complete intersections.
Our arguments use cohomology representations of the homotopy Lie algebra of the local ring R, discussed in more detail in 3]. Remark. By Levin 10] and Schoeller 16] , the Yoneda algebra E = Ext R (k; k) is a graded Hopf algebra over k, whose dual Tor R (k; k) is a skew-commutative graded Hopf algebra with a system of divided powers compatible with the coproduct. A theorem of Milnor we see by a dimension count that rank k Im(g 0 ) = rank k M=(mL : M m) = m. To nish with Bass series, it remains to note that mM 6 = mL implies m > 0.
The proof of the inequality for Poincar e series proceeds along similar lines. where is an iterated connected homomorphism, and thus bijective. Since 0 is an isomorphism and 00 = n is not trivial, we have 0 6 = 0.
We reintroduce the notation of the Remark preceding Lemma 6. If R is a complete intersection of codimension c, then j = 0 for j > 2, hence E is a nite free module over the symmetric algebra U = U( 2 ) of the rank c vector space 2 . Thus, is a non-zero map of a free U {module into a torsion-free one, and hence Im contains a non-zero free graded U {module generated in degree 0. This yields (in)equalities of formal power series P R N 0 (t) < We now have an inequality P R N 0 (t) < P i rank k V i t i . On the other hand, the series W(t) = P i rank W i t i is the expansion around t = 0 of the product Taking inverses, and referring to Proposition 2, we conclude that maxfproj curv R N; 1g = maxfproj curv R N 0 ; 1g proj curv R k = gl curv R :
As gl curv R > 1 by Theorem 3, we see that proj curv R N = gl curv R, and hence proj cx R N = gl cx R = 1.
Extremal algebras
The following result exhibits a new reason for the appearance of extremal resolutions: the passage from a ring with a bad singularity to a ring with a well behaved singularity creates complications in the module structure. When proj dim R S < 1 the rst inequality becomes gl cx R 1, so R is a codimension 1 complete intersection by Theorem 3. Completing R if necessary, we may further assume that R = Q=(f), where (Q; n) is a (d + 1)-dimensional regular local ring and f 2 n 2 .
Then S = Q=a, with a generated by a maximal Q{regular sequence. Tate 18; Theorem 4] provides an in nite free resolution of the R{module S, which is minimal if f 2 na. Thus, f = 2 na by the niteness of proj dim R S. But as n 2 S = 0, we have n 2 a, hence f = 2 n 3 , so the multiplicity of R is at most 2.
Conversely, let R be a hypersurface of multiplicity at most 2 and dimension d. There is nothing to prove when R is regular. Otherwise, the associated graded ring of R for the madic ltration is of the form G=(q), where G is a polynomial ring in d+1 variables and q is a quadratic form. The set L of linear forms dividing q is either empty, or consists of the scalar multiples of at most two forms. Thus, L 6 = G 1 as long as d > 1, so by induction on d, we can nd a G{regular sequence g 1 ; : : :; g d G 1 . If x i 2 m has g i as its initial form, then the sequence x 1 ; : : :; x d is R{regular, and length R R=(x 1 ; : : : ; x d ) = rank k G=(q; g 1 ; : : :; g d ) = 2.
To nish, we note that the proposition cannot be extended to length 3 or higher.
Examples 13. (1) In the ring R = k x; y; z]]=(x 2 ; xy; y 2 ? xz) the element z is regular and S = R=(z) = k x; y]]=(x 2 ; xy; y 2 ), so proj dim R S = 1 and length R S = 3. A well known change of rings theorem 15; (27.5)] gives the rst equality below P R k (t) = (1 + t) P S k (t) = 1 + t 1 ? 2t :
The second one follows from the recurrence relation P S k (t)?1 = 2t P S k (t), obtained from the cohomology exact sequence associated with 0 ? ! mS ? ! S ? ! k ? ! 0, and the isomorphism mS = k 2 . Thus, gl cx R = 1 and gl curv R = 2.
(2) The hypersurface R = F 2 x; y]]= ? xy(x + y) has multiplicity 3, and for g = x + x 2 + xy + y 2 the R{module R=(g) has projective dimension 1 and length 4, but R possesses no length 3 module of nite projective dimension.
